The supercomplexification is a special method of N = 2 supersymmetrization of the integrable equations in which the bosonic sector could be reduced to the complex version of these equations. The N = 2 supercomplex Korteweg de Vries, Sawada-Kotera and Kaup-Kupershmidt equations are defined and investigated. The common attribute of the supercomplex equations is appearance of the odd hamiltonian structures and superfermionic conservation laws. The odd bi-hamiltonian structure, Lax representation and superfermionic conserved currents for new N = 2 supersymmetric Korteweg de Vries equation and for Sawada-Kotera, are given. The N = 2 supercomplex Kaup-Kupershmidt equation is defined for which the odd bi-hamiltonian structure is presented with its superfermionic conserved currents.
Introduction
Integrable hamiltonian systems occupy an important place in diverse branches of theoretical physic's as exactly solvable models of fundamental physical phenomena ranging from nonlinear hydrodynamics to string theory [1, 2] . There are many approaches to investigate these systems as for example the Lax approach, the construction of the recursion operator and bi-hamiltonian structure or cheking the Backlund and Darboux transformations [3] .
On the other hand, applications of the supersymmetry (SUSY) to the soliton theory provide a possibility of generalization of the integrable systems. The supersymmetric integrable equations [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] have drown a lot of attention for a variety of reasons. In order to create a supersymmetric theory, we have to add to a system of k bosonic equations kN fermions and k(N −1) boson fields (k = 1, 2 . . . N = 1, 2 . . . ) in such a way that the final theory becomes SUSY invariant. The bonus of this method is, that the so called bosonic sector of the supersymmetrical equations when N ≥ 2, leads us to a new system of interacting fields. For example, the Virasoro algebra [19] and some of its extensions can be related to the second hamiltonian structure of the Korteweg de Vries (KdV) and KdV-like equations. This hamiltonian structure is given by the set of Poisson bracket for the fundamental fields representing the Virasoro algebra. Now, starting from the supersymmetric generalization of the Virasoro algebra and the corresponding hamiltonian structure, the supersymmetric extension N = 1, 2 of the classical equations have been obtained [4, 5, 6] .
There are many methods of supersymmetrization of integrable system as, for example, to start simply from the supersymmetric version of the Lax operator or consider the supersymmetric version of the hamiltonian structure. Interestingly, during the process of supersymmetrization many unexpected, but typicall supersymmetrical effects occurred. In particular, the roots for the SUSY Lax operator are not uniquely defined [10] , the non-local conservation laws [14] and the odd hamiltonian structure appears [15, 16] .
The idea of introducing odd hamiltonian structure is not new. Leites noticed [20] that in the superspace, one can consider both even and odd sympletic structures, with even and odd Poisson brackets respectively. The odd brackets, also known as antibrackets, have drown some interest in the context of BRST formalism in the Lagrangian framework [21] , in the supersymmetrical quantum mechanics [22] , and in the classical mechanics [23] .
Becker and Becker in [25] proposed the supersymmetric KdV equation in the form
where Φ is a superfermionic N = 1 function. In the component this equation has triangular form, in which the bosonic sector contains only even functions. The Eq. (1) is obtained from the KdV equation by the substitution u => (DΦ). However, as the result the bi-hamiltonian structure becomes the odd one. In [15] the following N = 2 supersymmetric generalization of KdV,
have been proposed. It was shown that it possess the odd bi-hamiltonian structure similarly to the Backer, Backer [25] . However the Lax representation for this equation has been not presented.
In this paper, we generalize the N = 1 substitution u => (DΦ) to the N = 2 supersymmetric case, assuming that
where i 2 = −1 and k i , i = 1, ..4 are arbitrary constants, and investigate the hamiltonian structure, Lax representation and conservation laws for the obtained equations after such substitution. Such substitution we call BN = 2 supercomplexification. An unexpected feature of this supercomplexification is that if we directly substitute the ansatz eq. (3) to the conserved currents of the KdV equation then these are no longer conserved currents, in contrast to the N = 1 case. As we show, such a supercomplexification leads us to the odd hamiltonian structures and to the superfermionic conserved currents.
We investigate supercomplexifications of three equations: the KdV, SawadaKotera (S-K) and Kaup-Kupershmidt (K-K). For all these equations, we fixed the arbitrary constants in such a way that their bosonic sector could be transformed to the complex version of the KdV, S-K, K-K equations. This procedure justify the name of supercomplexification. The odd bi-hamiltonian structure, Lax representation and superfermionic conserved currents for new BN = 2 supersymmetric Korteweg de Vries equation are given. For the BN = 2 supercomplex Sawada-Kotera equation the Lax representation, odd bi-Hamiltonian structure and superfermionic conserved currents are defined. The BN = 2 supercomplex Kaup-Kupershmidt equation is defined, for which the odd bi-hamiltonian structure is presented with its superfermionic conserved currents.
All calculation use in the paper have been carried out with help of computer program Susy2 [26] written in computer algebra Reduce [27] .
The paper is organized as follows. In the first section the notation used in the non extended and in extended supersymmetry is explained. Next section contains description the non extended N = 1, BN = 1 and extended N = 2, BN = 2 supersymmetric KdV equation. In the second and third section we explain the non extended N = 1, BN = 1 and extended N = 2, BN = 2 supersymmetric SawadaKotera and Kaup-Kupershmidt equation. The last section is a conclusion.
Notation used in the supersymmetry
In the non extended N = 1 supersymmetric theory, we deal with the odd and even variables. These variables are joined in the multiplet as
where the odd function ξ = ξ(x, t), ξ 2 = 0, ξ = ξ(x, t), ξ 2 = 0 takes value in the Grassman algebra, u = u(x, t) is the even function and θ is the Majorana spinor such that θ 2 = 0. In other words θ is the odd coordinate. The Φ is called superfermionic function while Υ a superbosonic one.
The supersymmetrical derivative D is defined as
The symbolic integration over the odd variables is defined as
In the extended supersymmetry N = 2 case we deal with more complicated superfermionic or superbosonic functions which are defined by
where w, u are even functions, ξ 1 , ξ 2 , ξ 2 i = 0, ξ 2 ξ 1 = −ξ 1 ξ 2 are odd functions which take values in the Grassman algebra θ 1 and θ 2 are two different Majorana spinors, odd coordinates, such that θ
The supersymmetrical derivatives and symbolic integrations are defined as
where negative power ∂ −1 of formal integration is defined as
For the supersymmetrical extensions of the models discussed in the next sections, the Lax operators may be regarded as the element of the algebra of super-differential apparatus G . For N = 1 as
and for N = 2
The supersymmetric algebra G possess three invariant subspaces defined by the projection P onto the G.
The supersymmetric algebra G is endowed with non-degenerate "trace formula" given by the residues
for N = 1 and N = 2 respectively . This "trace formula" is used in the theory of integrable systems becuse from the knowledge of the Lax operator it is possible to obtain the conserved currents.
As usually in the case of extended supersymmetry N > 1, we assume the invariance of the considered model under changes the odd variables. If follows from observation that we do not distinguish in nature, odd coordinates. It means that we always assume the invariance under the replacement of the supersymmetric derivatives
3 N=1,BN=1,N=2 and BN=2 susy KDV The Korteweg de Vries equation is defined as
J = ∂, P = ∂ 3 + 2∂u + 2u∂,
and is obtained from the Lax representation
The subscript ≥ 0 denotes the purely differential part of the fractional power of L All these equations are integrable, have the bi-hamiltonian structure and possess infinite number of superbosonic conserved currents.
N=1, BN=1 supersymmetric KdV equation
The N = 1 supersymmetric KdV equation is obtained from the supersymmetrical Lax representation
This equation have been thoroughly investigated in many papers [8, 9, 24] . The BN = 1 supersymmetric KdV equation is generated by the Lax representation
It has a triangular form, u t does not contain the odd function, but it is a very interesting equation from integrability and supersymmetry point if view. This equation has been first considered by Becker and Becker [25] and it was named later as B extension of supersymmetric KdV equation [14] . This system possess infinite number of the superbosonic conservation laws. For example,
where lower index in H denotes the dimension of the expression. Assuming that degA denotes the dimension of A, we have
The gradients of these superbosonic conservation laws will be a superfermionic function. Therefore, our bi-hamiltonian structure is living in the superfermionic space and hence the hamiltonians operators should be symmetrical operators.
The bi-hamiltonian structure is easy to obtain using the formula (14) in which we assume u = DΦ => Φ = D −1 u from which follows
N=2 and BN=2 supersymmetric KdV Equation
We have three different N = 2 supersymmetrical extensions of the KdV equation
where α = 1, −2, 4. These supersymmetric equations are possible to obtain from the following Lax representations [5, 10] 
To this list of three equations we would like to add the fourth one integrable extension BN = 2 which has the Lax representation, bi-hamiltonian formulation and possess the superfermionic conserved currents.
Our equation, which we named supercomplexfied BN = 2 KdV equation, is generated by the following Lax representation
or by the nonstandard Lax representation
This equation is easy to obtain from the KdV equation (14) by simple substitu-
to the KdV equation . Below, we will call such procedure as supercomlexification of the equations. The equation (23) appeared also for the first time in [15] , where the second hamiltonian operator was constructed and was interpreted as odd version of Virasoro algebra.
In the components, the equation in (23) is
We see that fermionic sector is invariant under the replacement ξ 1 => −ξ 2 , ξ 2 => ξ 1 while the bosonic sector is purely even and does not contain the odd functions. This invariance is exactly the O 2 invariance. Therefore, this supersymmetric version of the KdV equation is BN = 2 extension.
Introducing new function w x = v to the bosonic sector of the equation 26 we obtained
It exactly the complex KdV equation. The Lax representation of the complex KdV equation is exactly the bosonic part of the supercomplexified Lax representation (Eq. 23) in which we do not use the imaginary symbol i
or by bosonic part of the supercomplexified Lax representation (Eq. 24)
The symbol b in L b denotes the bosonic part of the L operator . There are many differences between the supersymmetrical equations (26) and (14) . The system (14) possess an infinite number of conservation laws but the conservation laws of (26) does not reduce to the conservation laws of (14) .
Unfortunately if we apply the "trace formula" to our Lax operator tr (L n/4 we did not obtained any conserved currents.
However, if we expand L operator as
where the super functions
then it is possible to obtain the superfermionic conserved currents. Indeed, as we checked
is a conserved quantity. The lower index in H a denotes the dimension of the expres-
).
Using the O 2 transformation it is possible to obtain the superpartners of L 
It is difficult to obtain next conserved quantity using the trace formula, because we need to compute the L 1/8 up to the terms containing ∂ −6 , because then H = tr(LL 1/4 L 1/8 ). Therefore we assumed the most general form on the next current and verified that
is proper conserved quantity. It is impossible to use the similar trick as in the BN = 1 supersymmetric KdV equation Eq.20 because the transformation u = (D 1 D 2 Φ) + iΦ x is not invertible.
Theorem:
The operator D 1 D 2 + i∂ has no inverse operator. Proof: Implicitly let us assume that such exists then
what is not true. Assuming different forms of the Hamiltonian operator of the supercomplexified BN = 2 KdV equation, we obtained the following bi-hamiltonian structure
We checked that the operator Π defines the proper hamiltonian operator and satisfies the Jacobi identity
where Π ⋆ Πβ is a Gateaux derivative and α, β, γ are superfermionic test functions. The operator Π appeared first time in [15] and has been connected with the odd version of the Virasoro algebra.
Moreover, we checked that combinations of Ω = Π + λD 1 ∂ −1 also satisfies the Jacobi identity and hence Ω is a pencil [3] . As a result, the operator D 1 Π is a hereditary operator.
Instead of using the recursion operator to generations of the conserved currents it is possible to join the superfermionic currents with the usual conserved currents of KdV equation using the formula
whereĥ kdv is some conserved currents of KdV equation in which we make the re-
If we split the conserved currents H onto the real and imaginary part as H = G + iĜ then it appears thatĜ = −O 2 (G) .
Using the previous formula, we obtained next conserved current for the supercomplexified KdV equation
The same hamiltonian is obtained if we use the recursion operator R. To finish this subsection let us notice that all our formulas possess the O 2 superpartners.
N=1, BN=1 and BN=2 supersymmetric SawadaKotera equation
The Sawada-Kotera could be obtained from the Lax representation
The bi-hamiltonian formulation of this equation is
N=1 , BN=1 susy Sawada-Kotera
The N = 1 supersymmetric extension of S-K equation is defined by the Lax operator L = (D∂ + Φ) 2 and its Lax representation [17] 
The odd bi-hamiltonian representation for supersymmetric N = 1 extension of the Sawada-Kotera has been given in [16] 
δu ,
The BN = 1 supersymmetrical S-K equation is defined by the Lax operator L = ∂ 3 + (DΦ)∂ and its Lax representation as
The bi-hamiltonian formulation for the BN = 1 extension is easy to obtain using the same trick as in the case of the BN = 1 extension of KdV equation, see Eq. (20).
BN=2 Supercomplex Sawada-Kotera equation
The following Lax operator
where k 1 , k 2 are arbitrary constants, generates the BN = 2 supersymmetrical SawadaKotera equation
This equation is also possible to obtain after modification of the supercomplexification method as
and substituting it to the Sawada-Kotera (Eq.36). Introducing a new function w x = v, it appears that it is always possible to find the linear transformation of v, u which changes the bosonic sector of the equation (40) to the complex version of the Sawada-Kotera equation for any arbitrary values of k 1 , k 2 ,
In order to study the conservation laws and hamiltonian structure of the BN = 2 supersymmetric Sawada-Kotera equation, we consider a special case k 1 = 1, k 2 = 0 for which we obtained
In the components, the equation (Eq.42) is
The bosonic sector of the Eq. (43) does not interact with the fermionic variables. Thus we have the BN = 2 extension of the Sawada-Kotera equation.
In order to find the conserved current, we use the formula (Eq. 35)
whereĥ sk is some conserved currents of the Sawada-Kotera equation in which we make a replacement
Due to this formula we obtained the following conserved currents
The system of equation (40) could be rewritten as the bi-hamiltonian system
As we checked the equatuion (46) is satisfied for superfermionic test functions and also for the superbosonic test functions. For the superfermionic test functions we should assume that in the formula Eq. (47), ǫ is an anticommuting variable, W is a superfermionic function because Φ is the superbosonic function.
To finish this section, let us mention that all our formulas presented here possess the O 2 superpartners.
BN=1,BN=2 supersymmetric Kaup-Kupershmidt equation
The Kaup-Kupershmid (K-K) equation is derived from the Lax operator
The N = 1 supersymmetric extension of the K-K equation does not exist. It follows from the observation that, if we assume the most general form on the supersymmetric extension of K-K as the polynomial in Φ, (DΦ) and its derivatives, which reduces in the bosonic limit to the Kaup-Kupershmidt equation, then it is possible to construct only one conserved current. It is not enough for such a system to be integrable .
However it is possible to obtain the BN = 1 supersymmetric extension of K-K equation by simply substituting u = (DΦ) to the Eq.(48).
In order to construct the BN = 2 supersymmetric extension of the KaupKupershmidt equation let us consider the most general supercomplexified ansatz
where k 1 , k 2 , k 3 , k 4 are arbitrary constants, and substitute it to the Kaup-Kupershmidt equation. As a result, we obtaine k 3 = k 2 , k 4 = −k 1 and
It is possible to transform the bosonic part of Φ t to the complex Kaup-Kupershmidt equation after the identification w x = v and after making the linear transformation of the function v, u for arbitrary values of
Without loosing on the generality, we assume that k 2 = 0, k 1 = 1 and hence we consider following equation
In the components the Eq. (53) is
In order to find the conserved current for BN = 2 supersymmetric KaupKupershmidt equation, we apply the same method as used in the supersymmetric BN = 2 Sawada-Kotera equation. Therefore, we apply the formula (Eq. 35) in which now
whereĥ sk is some conserved currents of the Kaup-Kupershmidt equation in which we make the replacement u => λ((D 1 D 2 Φ) − iΦ x ) . Using to this formula, we obtained the following conserved currents
H 11.5 = dxdθ 1 dθ 2 Φ(9(D 1 Φ 9x ) + 74 terms).
Now the bi-hamiltonian formulation is
The operator K defines a proper implectic operator for the BN = 2 supersymmetric Kaup-Kupershmidt equation and satisfies the condition [3] dx dθ 1 dθ 2 αK To finish this section, let us notice that all our formulas possess the O 2 superpartners.
Conclusion
In this paper, the method of the BN = 2 supercomplexification has been applied to the supersymmetrization of known soliton's equations. In that manner, we obtained new supersymmetric KdV equation with its odd bi-hamiltonian and Lax representation. Also, the BN = 2 supercomplexification of the Sawada-Kotera and Kaup-Kupershmidt equations have been discussed. The unexpected feature of the supercompexification is appearance of the odd hamiltonians operators and superfermionic conserved currents. The O 2 invariance of the conserved currents and hamiltonian operators has a special meaning here. It is similar to the invariance of the conserved currents in the complex soliton system. For example, plugging the function u => u + iv to some conserved current H = H(u, u x , . . . ) we obtain H => H r + iH i and H r and H i is conserved too. In the N = 2 supercomplex version if H is conserved then O 2 (H) is also conserved. It seems, that the supercomplexification is a general method and could be applied to wide classes of integrable equations.
